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Abstract 

In this paper we evince a rigorous formulation of duality in gravitational theories where an Einstein like 
equation is valid, by providing the conditions under which *T° and *lZp may be considered as the torsion 

g s 

and curvature 2-forms associated with a connection D 1 , part of a Riemann-Cartan structure (M, ^,D'), 
in the cases g' — g and g' 7^ g, once T a and TVp are the torsion and curvature 2-forms associated with a 
connection D part of a Riemann-Cartan structure (M, g, D). A new form for the Einstein equation involving 
the dual of the Riemann tensor of D is also provided, and the result is compared with others appearing in 
the literature. 



1 Introduction 

There has been a number of papers trying to put in evidence a possible analogy between electromagnetism 
and gravitation, in order to elicit a gravitational analogue for the magnetic monopole that appears in the 
generalized Maxwell equations with magnetic and electric currentfl Among the old ones we quotql [HI HZ1 HE] • 
Ten years ago Nieto [115] developed an analogue of S-dualitj{f] for linearized gravity in (3 + 1) dimensions (see, also 
[121 1201 fT5j ) and generalizations of that idea of duality for gravitational theories in more dimensions appear, 
e.g., in [2 [51 [31 [51 [51 [71 [TT]. In particular for the case of gravity in (3 + 1) dimensions a set of equations 
has been proposed for Einstein equations, Bianchi identities, and their duals, although mainly used in the 
linear approximation. The main aim of this note is to derive exact equations that must be satisfied by the 
dual Einstein equations and for the duals of the torsion and curvature 2-forms of a general Riemann-Cartan 
structure (M,g,D). We study in which conditions the dualized objects realize a Riemann-Cartan structure 
(M, g, D'), or even a (M, g 1 , D') one. In so doing we find that the correct field equations for a dual theory (in a 
precise mathematical sense defined below) , are at variance with ones proposed in some of the above mentioned 
papers. In so doing we hope that the present note be useful for those pursuing the interesting ideas of duality 
in gravitational theories. 

The paper, which uses an intrinsic formulation of the theories presented, is organized as follows. In Section 

2 we present some necessary preliminaries that serve, besides the proposal of introducing our notation, also 
the one of presenting what it is understood here by a Riemann-Cartan gravitational theory. In this Section we 
review also the Bianchi identities for the torsion and curvature 2-forms T a and 1Z% of (M, g, D) in intrinsic 

1 In such theory, see, e.g., |15l I25| which uses two potentials, the electric and magnetic currents are phenomcnological, i.e., the 
magnetic current is not a result of a U(l) gauge theory formulated in a nontrivial base spacetime. So, in the theory which uses 
two potentials there are no Dirac strings at all. Unfortunately, this result is sometimes overlooked in presentations of the monopole 
theory and in the proposed gravitational analogies of that concept. 

2 One of the motivations of [5] was eventually to obtain a quantization of mass. 

3 Duality and S-duality have been also studied extensively in non abelian gauge theories, see, e.g. |21j |16[ [26] and references 
therein. 
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and component forms, because those formulas for a Riemann-Cartan theory are not well known as they deserve 
to be, and sometimes concealed from the formalism. In Section 3 we introduce the Ricci 1-form fields W" 
and the Einstein 1-forms fields and further prove a Proposition containing a formula that relates the 

dual *W of 1Z P to a sum, involving the dual of the Riemann tensor and an important formula for the dual 

-kQ p of Q^, that permits us to write Einstein equations in a suggestive way concerning duality structures. In 

s 

Section 4 we provide the correct dual of Einstein equation in Riemann-Cartan theory. In Section 5 we delve 
into the formalism under which conditions *T Q and ^RJi may be considered as the torsion and curvature 

E g 

2-forms associated with a connection D' part of a Riemann-Cartan structure (M, g, D 1 ). Our result is then 
compared in Section 6 with the ones, e.g., in pQ, which are then commented and analyzed in the present 
context. In Section 7 we study the same problem as in Section 5 but this time asking the conditions under 
which *T Q and *7^2 may be considered as the torsion and curvature 2-forms associated to a connection D' 

g s 

part of a Riemann-Cartan structure (M, g 1 , D') with g 1 ^ g. In Section 8 we present our conclusions. The 
paper contains some Appendices reviewing the definition of the exterior covariant derivative of indexed form 
fields, the decomposition of the Riemann and Ricci tensors of a general Riemann-Cartan structure (M,g,D), 
together with their respective similars for a Lorentzian structure (M, g, D), needed to perceive some statements 
in the main text. There is also an Appendix containing a collection of identities involving the contraction of 
differential forms and Hodge duals used in the derivations hereon. 



2 Some Necessary Preliminaries 

We start this Section by recalling some germane facts concerning the Riemann-Cartan structures and a partic- 
ular and outstanding case of those structures, the Lorentzian one, which serves for the purpose of fixing our 
notations, besides other relevant properties and prominent applications. In what follows a general Riemann- 
Cartan structure will be denoted by (M, g, D). Here M is a 4-dimensional Hausdorff, paracompact, connected, 
and noncompact manifold, g € sec T®M a metric tensor field of signature (1,3), D is a connection on M. Also 
the connection D is metric compatible, i.e., Dg = and, moreover, for a general Riemann-Cartan structure 
the torsion and curvature tensor^ of D — denoted by T and R — are non null. When T = and 0, a 
Riemann-Cartan structure is called a Lorentzian structure and will be denoted by (M , g, D jfl When R = a 
Lorentzian structure is called Minkowski structure. To present the definition of T and R, and the conventions 
used in this paper, first the torsion and curvature operations are introduced. 

Definition 1 Let u,v S sec TM. The torsion and curvature operations of a connection D, are respectively the 
mappings: r : sec TM <8> sec TM — > sec TM and p : sec TM <g> sec TM — ► sec TM given by 

t(u,v) = V u v - V v u- [u,v], (1) 
P (u, v) = V U V V - V v V u - V [u , v] . (2) 

Definition 2 Let u, v, w € sec TM and a £ sec A 1 T*M. The torsion and curvature tensors of a connection D 
are the mappings T : sec(A 1 T*M <g> TM <8 TM) — » E and R : sec(TM <g> A 1 T*M <g> TM <8 TM) -> R given by 

T(a,u,v) = a(r(u,v)) , (3) 
R(w, a, u, v) = a(p(u, v)w). (4) 

Given an arbitrary moving frame {e Q } on TM, let {9 P } be the dual frame of {e a } (i.e., p (e a ) = <$£). Let 
also {e a } be the reciprocal basis of {e^}, i.e., g(e a ,ep) = 5% and let {9 a } be the reciprocal basis of {6 P }, i.e., 
e a (ef 3 ) =5%. We write 

[e a ,ep] = c p afj e p , D e a ep = L p aj3 e p , (5) 

where (f a o are the structure coefficients of the frame {e a } and L p a ^ are the connection coefficients in this frame. 
Then, the components of the torsion and curvature tensors are given, respectively, by: 

T(e",e a ,e )= T P p = L% L% a - 
R(e„, 6", e ai e p ) = R, p a0 = e a (L p 0fl ) - e (L p ^) + L p aa L^ - L p ja L^ - c^L^. 

4 For the conventions used for those tensors in this paper see the Appendix. 

5 The connection satisfying Dg = and T =0 is unique and is called the Levi-Civita connection of g. 
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We can easily verify that defining 

R/Mua/3 '■= gti P Rfi P al3 (7) 

it follows that 

Rfiua/3 — Rupa/3 — Rpis/3a- (8) 

Remark 3 When the torsion tensor of D is null, besides the symmetries given in Eq.((5]) ; also the symmetry 

R^uaP Rf3apu (9) 

holds. 

Now, taking into account Eq.([5]) we introduce also a "physically equivalent" Riemann tensor R by 
R = ^Rp Ua0 9^ A 6" <8> e a A & = jR^pOp A 9 V ® a A 6 fi 

= A 9" ® 6 a A . (10) 

In addition, 

d ° P = -Hp " A ° P . = - £ a/3^ (11) 

where lo 1 ^ G secA 1 ! 1 *./^ are the connection 1- forms, T p G secA 2 T*M are the torsion 2-forms and 7?.^ G 
secA 2 T*Af are the curvature 2-forms, given respectively by 

u% = L<yr, T" = \T p a ^K6^ 7lJ = iv^A^ (12) 

Multiplying Eqs.© by ±6> Q A 6^ and using Eqs. (|lip and (|12p , the Cartan's structure equations are derived: 

T' = d0"+wjgA0 , 1 ft£ = dwg + w£ A (13) 

Definition 4 j4 Riemann- Cartan spacetime is a pentuple (M, g, D, r g , |) where (M, g, D) is a Riemann- Cartan 
structure, and we suppose the existence of a global t e G sec A 4 T*M (which as well known defines an orientation 
for M). Moreover, f denotes that the Riemann- Cartan structure is time oriented. See, e.g., |23U22j for details. 

Pentuples (M, g, D, r g , f) represent gravitational fields in the so called Riemann-Cartan theories. In the 
theory presented, e.g., in [14] . the equations of motion are the Einstein equation, 

G = T, 

where G £ secX^-^ is the Einstein tensor, T G sec T®M is the canonical energy-momentum tensor of the 
matter fields, and the algebraic identity 

Ya/3 = 3 a /3, (14) 

where the T a p G secA 1 T*M are such that their components are the so called modified torsion tensor compo- 
nents, and the *J Q/ 3 G secA 3 T*M are the spin angular momentum densities of the matter fieldfl Also, the 

s 

symbol * denotes the Hodge star operator associated to the metric g. 

Remark 5 It is crucial to observe that for a general Riemann-Cartan structure G = G pv 9^ L ® 9 V and T = 
T^O^ <8> 0" are not symmetric, i.e., Gp V ^ G vll and T pl , ^ T Vil . We recall that 

Gp V = Rp V — —g^uR, (15) 

where R pl , are the components of the Ricci tensor (which, as G pv are not symmetric) 

Ricci = R^Q* 1 <g 6 V := R p p pv 6 p ® 9", (16) 
and R — g pv ' R p p pv is the curvature scalar. 



6 The components of J a p £ secA 1 T*M are the standard (field theory) canonical spin angular momentum of the matter fields. 
In the Riemann-Cartan theory of 1141 . since Eg. (1141 1 is an algebraic identity, it is possible to eliminate completely the torsion 
tensor from the theory and to write an Einstein equation involving the Einstein tensor of the Levi-Civita connection of g (using the 
decomposition presented in Appendix B) and a metric energy-momentum tensor that is equivalent to the Belinfante symmetrization 
of the canonical energy-momentum tensor of the theory. 
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It is also well known that in GRT a gravitational field generated by a given matter distribution (represented 
by a given energy-momentum tensor T £ secT^Af) is represented by a pentuple {M, g, D, rj, | and the 
equation of motion (Einstein equation) is given by 

G = T (17) 
and in this case the tensors G and T are symmetric. 

Remark 6 In the Appendix we review how to write the Riemann curvature tensor (respectively the Einstein 
tensor) of a Riemann- Cartan structure (M,g,D) in terms of the Riemann curvature tensor (respectively the 
Einstein tensor) of a Lorentzian structure (M,g,D). Those results are important for a proper understanding 
of this paper. 

2.1 The Bianchi Identities 

Given a general Riemann-Cartan structure (M, g, D) we have the following identities 

DT" = IZp A 9 f3 , (18) 
D7£ a = 0, (19) 

known respectively as the first and second Bianchi identities (see e.g., [5JI23])- In the above equations, D is the 
exterior covariant derivative of indexed form fields [H[S3], whose precise definition is recalled in Appendix A. 
Now, the coordinate expressions of Eqs. (fTB|) and (fill)) can easily be found and are respectively [51 [M] written as 

E v.* = E { D ^0 T k T &) . (2°) 

(ixaP) (pa/3) 

E D ^ R [)vp = E T v» R Pkp-> ( 21 ) 

(fivp) (pvp) 

where E] denotes (as usual) the cyclic sum. For future use we observe that 



(fivp) 



K% A 0" = + R a a ^ + Rp a m W A °° A df) ■ ( 22 ) 



Remark 7 For a Lorentz structure (M, g D) the Bianchi identities reduce to 



R% A O = 0, DK% = 0, 

or in components: 

E R p P aP = 0, E D P- R 0vp = °- 

(pa/3) (p-vp) 

3 Ricci and Einstein 1-form fields 

Given i?^„ and G^, respectively the components of the Ricci and Einstein tensors (in the general basis in- 
troduced above) we define the Ricci (TZ^ 6 secA 1 T*M) and the Einstein (Q^ 6 secA x T*M ) 1-form fields 

by 

TV 1 := R"J V , := G%B V '. (23) 

7 In fact a gravitational field is defined by an equivalence class of pentuples, where (M, g, D, r g , f) and (M', g 1 , D' , r' g , f ') are said 
to be equivalent if there is a diffeomorphism h : M — * M', such that g 1 = b*g, D' = h*D, r' g = h*r g , f'= h* 1, (where h* here 
denotes the pullback mapping). For more details, see, e.g., | 22l I'-'.'SI . With the above definition we exclude from our considerations 
models with closed timelike curves, which according to our view are pure science fiction. 
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For future use we introduce also the energy- momentum 1-form fields T p e sec A X T*M by 

T p := T$6 V . (24) 

Also 

★T^ = T^*8" 

S g 
1 



y(T» y /\A&dg VK e Kl x< r )O t Ad K Ad°. (25) 
Proposition 8 The dual of the Ricci and Einstein 1-form fields, i.e., -klZ a € secA 3 T*M and*Q a £ secA 3 T*M 

s g 

can be written as: 

*-Jl a = -*K'2 A 6^ = -8? A*ftg, (26) 

g g g 

^ = -k^*( rA ^ A9 ")' ( 27 ) 

g z g 

w/iere ft£ = \R^ a p9 a A fl' 3 and ft w := \Rp pa p8 a A e" 3 . 

Proof. Using some of the identities in Appendix E we can write immediately 

8" A*% w = -*(fl"j^ / ,) 

g g g 

= - * i[iW^ Q A ^)] = ~* (iW^O 

g Z g g 

g 
s 

and Eq. ((26|) is proved. 

Now Eq. (f2"T|) is evinced. By taking some of the identities in Appendix E, we can immediately write: 

\n al3 a *(<r a e a 9 p ) = - J* [n af) j{e a as a o p )\ 



2 g 2 



* [(<?' A 6 K )j{6 a A 8? A 0')] = --R a p M * {(0^(8^(8* A 8? A 0'))] 

4 g g 4 g g g 

g A 



and Eq. (j2"T|) is proved. 
Remark 9 Recall that 



*7Z^p :— -Rfipap * (8 a A 8 13 ) 



with 



\R^\V\^g\9 aK 9 PL e K ^e x A 8" = \{\VWg\e K ^R«;)6 X A 8 a 
\Rl pX J X A8° (28) 



f 



K P Xa ■= ^\Aetg\e KLXa R KL ap , and i?* pA(T := -e KLXa R^ a0 , (29) 
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and so it follows that 



A 0" = \% pX J X A 6° A 6" = \% pX J" A 6 X A P 

= \ {^K P xJ P A O x A 9° + ±R; Xap 6 x Ae°A9P + ^R* CTpA CT A OP A 6 X ) I 30 ) 

1 

~ 3! 



K P Xc + Kxa P + RUpx) V\^S\0 P A 6 X A 0". (31) 



and taking into account Eq. (|26[) it reads: 

4 The Dual of Einstein Equation in Riemann-Cartan Theory 

We now return to Eg. (|23p which in components can reacH 

1 

Rp,v — 2^^ v = v v 

Multiplying this equation on both sides by 0" and recalling the definitions of the Ricci, Einstein, and the 
energy-momentum 1-form fields given above we have 

S M =T„. (34) 

Taking the dual of this equation we get 

*g„=*n„--R*0 fl =*T fM (35) 
g g Z g g 

Taking Eq. ([H^)l and Eq.((5S]) into account, then Eq. (f55j) can be expressed as 



- r; pX<j + r; x<7P + R; apX + -RS^ pXa y/\detg\e" a o x a 



3! 

- li(T p „g» K e KpXa )yJ\detg\9 p A X A a , 

or equivalently 

1 



RppXa + R * P \a P + R *p,<rp\ + ^R^p-pXcr J ~ e pXaK.T p . (36) 

4.1 The Field and Structure Equations 

We now summarize the field and Bianchi identities for a Riemann-Cartan theory where an Einstein-like equation 
holds. Those equations can be written conveniently in intrinsic and component forms respectively as: 



= *K P - -R * 6 P = *T M (37) 



1 

2" 

DT Q = 72$ A 0* (38) 
Dft^ = 0, (39) 



3 Take notice that in Eq. J33j and are not symmetric. 



G 



RppXa + RpXap + RpapX + 2^ e PP Acr J — ^pXanXp ^ s G pv — T^„, (40) 

^2 R PP°<P = ^2 { D P T P<xP ~ T p/3 T PKa) , (41) 
(pa/3) (pa/3) 

^ DpRpaup = ^ T vp R P^p- (42) 

(w) (p^p) 

In a Gi?T model it follows that 

RppXa ~t~ RpXap + RpapX + 2^ £ PP Acr ^ = ^p'XoKTp ^ G p V = T^y, 

^ Rppaf) = 0, ^ DpRflavp = 0. (43) 

(pa/3) (P"p) 

Remark 10 Before proceeding we want to emphasize that the Eq. (jl8p and Eq. (|19[) (i/ie Bianchi identities) do 
not imply in general in the validity of the analogous equations for the duals of the torsion and curvature 2-forms, 
i.e., in genera^ 

D*T Q AO 13 , (44) 

s s 

D*ftg^G. (45) 

S 

5 Are ~kT a and *7?$ the Torsion and Curvature 2-Forms of any Con- 

s s 

nection? 

Despite the fact aforementioned in the last Remark, we may pose the question: can *T Q and be the torsion 

S E 

and curvature 2-forms of a g-metric compatible connection, say D' , which defines on M the Riemann-Cartan 
structure (M, g, D') where also an Einstein like equation is valid? If the answer is positive, the following set of 
equations must hold: 

g s As s 

D'T' Q =Kf (46) 



/3 

D'ftjg" = 0, 



and since by hypothesis *T Q = T to and = Kf, calling G* = G^ ft* =7^ t , R* = R' = g^ 'R* f ' pf} it must 
be 

g g Z g g 

D'*T a =*Wj$A6P, (47) 
or in component form (and obvious notation) 

RppXa ~t~ RpXap ~t~ RpapX ~^ R ^ppXo^j — ^pXan^p ^pi; — ^pv (48) 

^ = X/ [p'y^pap, - TppTpKC^) > (49) 

(pa/3) (pa/3) 

D'pR*pavp — 2-j TZpR*PaK,p (50) 
(P^p) (P"P) 



3 In particular, a correct expression for D * T a has been found in [23 
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Consequently, among the possible constraints in order to have a positive answer concerning the question in the 
head of the Section, the following two non trivial constraints are derived: 

(a) Using Eq.flU]) and Eq.®, it follows that 

tpXvnTp — -RtppXa = ^ (p'^paP ~ ^^pm) • (51) 

(pa/3) 

(b) Using Eq-lgSJ) and Eq.gT]) we must have 

e p\aK,T^ — —R £p, p Xcr — (Dp,Tpap ~ T^pTp Ka ) . (52) 

(pa/3) 

Let us analyze what those constraints imply if we start with (M,g,D), a Lorentzian structure (part of a 
Lorentzian spacetime structure) representing a gravitational field in GRT. In this case the second member of 
Eq. (f52")) must equal zero, and taking into account that R = T' := and R* = —T' := T'* we get that the 
structure (M, g, £>') must also be torsion free and the following constraints must hold: 

^pXcr k p — ~2^^PpX(Ti ^pXoK^p 2 ^ppAci (53) 

^ D'p,Rpaup = D^Rpuvp. 
(pup) (pi/p) 

6 A Particular Case 

Suppose we have as postulated^ in [T] a Riemann-Cartan structure where Eq. (|4"0)) , Eq. flTj) , and Eq. (|4"2"| read: 

{RppXa + RpXtrp Rpapx) ~ e pXaK,Tp < >* G pi> = 7p„, (54) 
^ Rppa(3 = tpaPnQp, (55) 

(JJUX0) 

DpRp a „ p = 0. (56) 



(pup) 



It is obvious that we must then have: 



R — 0, e p a/3 K 0^ — ^2 {PpTpafj - TppTp^a) , ^ T^pRf3 aKp — 0, (57) 

(pap) (pup) 



ZpXanT'* + -T'^€p p Xa — e pa p K Qp]. (58) 



and comparing Eq. (|5"2|) with Eq. (j57]) we get 

1, 

r 

So a Riemann-Cartan structure satisfying Eq. (fB"4"| , Eq. (|55]1 and Eq. is possible only for matter distributions 
with T = = and which obey very stringent constraints. 
Also, [1 choose as "dual equations" the following set: 

RppXa ~t~ RpXap RpapX ~t~ ^ppXa^j — tpXan® p ^ '' ^ pu — (59) 

^ -Rppa/J = tpapnTp, (60) 

E D 'Au P = o (6i) 



x VpAa -r *Vx CT p + R *pa P x) = e pA CTK T/ presented in [T] as 
an identity is in general wrong and invalidates most of the conclusions of that paper. Take also notice that in [l] it is defined a 
Hodge dual with respect to the first pair of indices. However, since they start from a Lorentzian structure (where torsion is null) 
we have the validity of Eq. J2J and so it does not matter in deriving Eq . (I4UH taking the dual with respect to the first or second pair 
of indices. 



which, of course must imply 

R* = 0, (62) 

(p.a/3) 

E VffiaKp = 0- (64) 

ijivp) 

Comparing Eq. (|64]) to Eq. (j5Tj) implies again that R = 0. So we end with the following constraints, necessary 
for the validity of the equations proposed in [1] : 

t'; = e« t = r: = o, e = = o, 

(/xa/9) (pa/3) 

/"", T^Rp aKp = 0, T l/ *Rp aKp = 0. 
Such constraints are clearly violated by the examples in [T]. 

7 Is there a metric g' and a metric connection D' such that *T a and 
*7£|g are their Torsion and Curvature Forms? 

Now, we can also put the question: in which conditions may we conceive that *T Q and *T&g are the torsion 

and curvature 2-forms of a g' -metric compatible connection, say D' which defines on M the Riemann-Cartan 
structure (M, g 7 ,!?') where an Einstein like equation holds, i.e., (with obvious notation) the validity of the 
following set of equations (R 1 = g ' R'p P p)'- 

s s Z g g 

D'T' Q = TZ'a A 9 13 , (66) 



D'ft' Q = 0. 



"P 

Since by hypothesis we must have *T a = T' a and = TZf, calling R* = g'^R*^ the set of Eqs.JHHJ) must 
be equal to: 

g g L g g 

D' -k T la = -kTVp A 9^ , (67) 

S S 

D' * Kf = 0. 

s 

which are similar but not identical to the set given by Eq. (|T7)) . Due to their complexity we shall not inspect 
the nature of those equations solutions, a problem postponed for another publication. 



Remark 11 The constraints concerned in this case are more involved than in the previous case, but we want to 
emphasize here that if we start with (M,g,D), a Lorentzian structure (part of a Lorentzian spacetime structure) 
representing a gravitational field in GRT, the structure (M, g 1 , D') will be also torsion free. Here we recalled that 
£<5J/ investigated long ago a similar problem (but only in the linear approximation) and found a positive answer 
for the question at the head of this Section. 
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8 Conclusions 



In this paper we present the correct constraints that must be satisfied by any theory (in a 4-dimensional manifold) 
that intends to provide a dual presentation of the gravitational field equations for a general Ricmann-Cartan 
theory. We compare our results with some ones proposed by authors quoted in the introduction and present 
some constructive criticisms. We hope that since the subject of duality becomes each day more important in 
non, e.g., abelian gauge theories, gravity and M-theory that our results shall become appreciated. 

A Exterior Covariant Derivative D 

Sometimes Eqs. (|13p are written by some authors as: 

m p = T P , " DujP = K'. n (68) 

and D : sec AT* M — ► sec AT* M is said to be the exterior covariant derivative related to the connection 
D. The second of Eqs. (|68|) has been printed with quotation marks due to the fact that it is not a correct 
equation. Indeed, a legitimate exterior covariant derivative operatoi0 is a concept that can be defined for 
(p + q)-indexed r-form fields^ as follows. Suppose that X G sec TI+«M and let X%";£ l p G sec A r T*M, such 
that for v, G secTAf, i = 0,1,2, ...,r, then X^V.'.i^ (v u . . . , v r ) = X(vi, . . . , v r , e Vl , ■ ■ ■ , e Vg , 9^, . . . , 9^). The 
exterior covariant differential D of X^V.'.vl* on a manifold with a general connection D is the mapping 

D : sec A r T*M -> sec A r+1 T*M, < r < 4, (69) 

such thaS 

(r + l)DX^;;*(«o,vi,..., v r ) 

r 

= Ysi-lYD^Xiva^t, ...,v v ,...,v r ,e Vl ,..., e Vq ,9»\. . 

- (-iy + <X(T(v x ,v,),v ,v 1 ,...,v x ,...,v,,...,Vr,e„ 1 ,...,e Uq ,9»\...,6^). (70) 

0<A,? <r 

Then, we may verify that 

D^;;;^ = dX%;;;% + < A X%::% +•••+< A - < A ^ A X%;;;£> . (71) 

Remark 12 Note that if Eq. (|71|) is applied on any one of the connection 1- forms lu^; we would get T)lj^ = 
du>% +wJJAw" ~ AujJ. So, we see that the symbol T)u)£ in Eq. ([68|) . supposedly defining the curvature 2-forms, 
is simply wrong, despite this being an equation printed in many Physics textbooks and many professional articles. 

A.l Properties of D 

The exterior covariant derivative D satisfy the following properties: 

(a) For any X J G sec A r T*M and Y K G sec A S T*M are sets of indexed formQ then 

T>(X J A Y K ) = BX J A Y K + (-l) rs X J A JDY K . (72) 

(b) For any X^ 1 -^ G sec A r T*M then 

DDX^ 1 -^ = dX^ 1 - ^ + K>£ AX*— 1 ** +--- + K'fo AX* 1 " 1 *'. (73) 

(c) For any metric-compatible connection D if g — g^ u 9^ <8> 9 V then, Dg^ = 0. 

11 Sometimes also called exterior covariant differential. 

12 Which is not the case of the connection 1-forms u^, despite the name. More precisely, the uj^ are not true indexed forms, i.e., 
there does not exist a tensor field uj such that ui(ei , e@, a ) = u>^(ei). 

13 As usual the inverted hat over a symbol (in Eq, H70l O means that the corresponding symbol is missing in the expression. 
14 Multi indices are here represented by J and K. 
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B Relation Between the Riemann Curvature Tensors of the Levi- 
Civita Connection of g and a g-compatible Riemann- Cartan Con- 
nection 

Let (M, g, D) and (M, g, D) be respectively a Lorentzian and a Riemann-Cartan structural! on the same 
manifold M such that 

Dg=0, Dg=0, (74) 

with the nonmetricity of D associated with g being given by Q := —Dg. Let moreover the connection coefficients 
of D and D in the arbitrary bases dual bases {e Q } and {6?} for TU C TM and T*U C T* M be: 

bdj p = -t p a ^, D a j<> = -L" a ^, (75) 

and Q a f}<7 = —D a gp a . Define the components of the strain tensor of the connection D (associated with D) by 

S P aP = (L p aP +L^)-(t^+T» af3 ) (76) 

It is trivially established that 

where T p a Q are the components of the Levi-Civita connection of g and T p ^ are the components of the torsion 
tensor of 

Eq. (|77|) can be used to relate the covariant derivatives with respect to the connections D and D of any 
tensor field on the manifold. In particular, recalling that D a gp a = e a (gfj a ) — g^o-T^ — gp^ae = Oj we § e t the 
expression of the nonmetricity tensor of D in terms of the torsion and the strain, namely, 

Qafia = \{9^ + g 0ll T^) + \{g^S p p + gpA). (78) 

Eq. ([78|) can be inverted to yield the expression of the strain in terms of the torsion and the nonmetricity. We 
get: 

SU = °9 P °iQ^ + Qp™ - Q* a p) - g pa {g^T^ + g ap T£ a ). (79) 

From Eq. (|78p and Eq. (|79|) it is clear that nonmetricity and strain can be used interchangeably in the description 
of the geometry of a Riemann-Cartan- Wcyl space. In particular, we have the relation: 

Q after + Qaa/3 + Qf3aa = S a f3 a + S aa fj + Sp aa , where S a p a = IjpcrS^p. (80) 

In order to simplify our next equations, let us introduce the notation: 

< P = L p a p-Kp = \iT p a0 + S p a0 ). (81) 

From Eq.([79]) it follows that: 



K = -\g pa {D a g p!y + D p g aa - D a g af) ) - \g pa {g^T^ + 9^ a - g^T^). (82) 

Note also that for Dg = 0, K^p 1S * ne so-called contorsion tensor. 

Returning to Eq.flTTJ), we obtain now the relation between the curvature tensor R^ p a (3 associated with the 
connection D and the Riemann curvature tensor R^ p a f3 of the Levi-Civita connection D associated with the 
metric g. We get, by a straightforward calculation: 

Rn P ap — Rp P al3 + Jpi P [a0\l (83) 



15 Note that (M, g, D) and (M, g, D) are in general Riemann-Cartan- Weyl structures. More general formulas relating two arbitrary 
general connections may be found, e.g., in |23j . 
16 More details may be found, e.g., in |23| . 
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where: 

V*p = D a K"^ - K^ a K, = D a K^ - K p ar7 K^ + K° a0 K^ . (84) 
Multiplying both sides of Eq.([83]) hy \9 a A 9? we get: 

K = H + 5 £> where ^ = \ J A«lsft* A (85) 

From Eq. ([83|) we also get the relation between the Ricci tensors of the connections D and D. The Ricci tensor 
is defined by 

Ricci — Rp a dx p ® dx v , where R^ a := Rp P ap (86) 

Then, we have 

Rfia Rp,a ~l~ Jfia: (87) 

with 

T — f) K p - D K p 4- K p K° - K p K 7 

= D a K p pil - D p K>> afl - + K%K»- (88) 

Observe that since the connection D is arbitrary, its Ricci tensor will be not be symmetric in general. Then, 
since the Ricci tensor Rp a of D is necessarily symmetric, we can split Eq. (|87p into: 

R[pa] = J[p,a], R(pa) = R(pa) + J(pa)- (89) 

C Some Important Identities 

Let (M, g) be a manifold and a Lorentzian metric as defined in Section 1. Let moreover A P T*M (p = 0, 1, 2, 3, 4) 
be the bundle of homogeneous p-form fields and AT*M = ® p=0 A p T* M the bundle of non homogeneous forms 
fields. We define in T*M a metric field g £ secTpM such that concerning the general bases {e^} and {9 P } 
introduced in Section 1, if g = gp V 9 p % 9 V and g = g pL 'e M £g> e v then g pa g av = S p . In AT*M we introduce a 
scalar product 

• : AT* M x AT* M -> AT*M (90) 

such that if A, B £ sec A r T*M are simple homogeneous r-forms with A = u\ A • ■ ■ A u r and B = v% A • • • A v r , 
Ui, Vj £ sec A 1 T*M then A-B = det(g(u.;, Vj)), where (g(iti, Vj) ) means the matrix with entries (g(iti, Vj) ). This 
scalar product is then extended by linearity and orthogonality to all AT*M, and A ■ B = if A £ secA r T*M, 
and B £ sec A S T*M with r ^ s. Also, if a, b £ sec A°T*M then a ■ b = a6, the product of functions. 

If the metric manifold (M, g) is also endowed with an orientation, i.e., a volume 4- vector r- g £ A A T*M such 
that T| • 7j = — 1, then a natural isomorphism between sections of A r T*M and A 4_r T*M (r = 0, . . . , 4) can be 
introduced. The Hodge star operator (or Hodge dual) is the linear mapping ★ : secA r T*M — > secA 4_r T*M 

implicitly defined by 

A A -kB = (A - B )t|, (91) 

g 

for every G A r T*M. Of course, this operator is naturally extended to an isomorphism ★ : secAT*Af — > 

g 

secAT*M by linearity. The inverse * _1 : secA r T*M — ► secA 4_n T*M of the Hodge star operator is given by 

g 

= -(-l) r ( 4 - r )*. For any A,B £ sec AT* M 

g s 

A - B ~ {A B) = (A B)o — B ■ A, (92) 

where A means the reverse of A. If A = u\ A ■ • • A u r then A = u r A • • • Au\ and ( )o : sec AT*M — ► sec A°T*Af 
is the projection of a general non homogeneous form into the A°T*M part. 
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Remark 13 Suppose that {e^} is an orthonormal basis of A 1 T*M and {e- 7 } is reciprocal basis, i.e., Si-e k = S k . 
Then, any Y G secA p T*M can be written as 

Y = iy* ~i'e h A • • • A e jp = ±) r ... J: ' A • • • A (93) 

and 

Y h...i, = y . (e ii A ... A eip), ^ . p = y . ( £ji A • • • A e jp ). (94) 

Wc define the right and left contractions of non homogeneous differential forms as follows. For arbitrary 
multiforms X,Y,Z e sec AT*M, the left (j) and right contractions of X and Y are the mappings j : 

sec AT*M x sec AT*M -> sec AT*M and l : sec AT*M x sec AT*M -> sec AT*M such that 

(ljy).Z = y.(lAZ), (I L 7)-2 = I-(2Af). (95) 

g g 

These contracted products j and l are inner derivations on AT*M. Sometimes the contractions are called interior 

products. Both contract products satisfy the left and right distributive laws but they are not associative. Now 
some important properties of the contractions used in the calculations of the text are presented: 

(i) For any a, be sec A°T*M, and Ye sec AT*M 

a_ib = ai_b = ab (product of functions), a_iY = Y^a = aY (multiplication by scalars). (96) 

g g g g 

k 

(ii) If a,h,...,b k e sccAT*M then aj(h A • • • A b k ) = (- 1 ) : ' +1 ( a ' h i) h i A ■ ■ ■ Abj A ■ ■ ■ Ab k , where the 

symbol bj means that the bj factor does not appear in the j-term of the sum. 

(iii) For any Yj G sec A-?T*M and Y k G sec A k T*M with j <k 

YjjY k = (-ly^Y^Yj. (97) 

g g 

(iv) For any Yj G secA j T*M and Y k G sec A k T*M 

Yj _iY k = 0, if j > k, YjiY k = 0, if j < k. (98) 

g S 

(v) For any X k , Y k e sec A k T*M, then X k jY k = Y k CY k =X k -Y k =X k - Y k . 

g g 

(vi) For any v G secA^M and X,Y G sec AT* M, then va(X AY) = (vjX) A Y + X A (wjF). Also, if 

g g g 

A,Be sec A k T*M them4j(BjC) = (A A B)jC, and Al(BlC) = A C). 

g g g g g g 

(vii) if A,B G sec AT*M then 

• C = 5 • (i A C), (S s lj4) • C = B • (C A A). (99) 

Finally we present some important identities involving contractions and the Hodge dual. Let A r e sec A r T*M 
and B s e secA s T*M, r,s > 0: 



A r A *£> s = B s A *j4 r r = s; j4 r • *_B,5 = £> s • *A r ; r + s = n, 

g g g g 

A r A*B S = (-l) r ( s -V * (A r jB s ); r < s, 

A r _i * B s — (-l) rs * (A r A B s ); r + s < n, ( ' 100 ' ) 

g g g 

*A r = A r _lT- g , *TJ = —1, *1 = Tj. 

g g g g 
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